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TO PSEUDO-DIFFERENTIAL OPERATORS AND 
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A. YU. KHRENNIKOV AND V. M. SHELKOVICH 

Abstract. In this paper a countable family of new compactly supported 
non-Haar p-adic wavelet bases in £^(Qp) is constructed. We use the wavelet 
bases in the following applications: in the theory of p-adic pseudo-differential 
operators and equations. Namely, we study the connections between wavelet 
analysis and spectral analysis of p-adic pseudo-differential operators. A 
criterion for a multidimensional p-adic wavelet to be an eigenfunction for 
a pseudo-differential operator is derived. We prove that these wavelets 
are eigenf unctions of the fractional operator. In addition, p-adic wavelets 
are used to construct solutions of linear and semi-linear pseudo-differential 
equations. Since many p-adic models use pseudo-differential operators (frac- 
tional operator), these results can be intensively used in these models. 



1. Introduction 

According to the well-known Ostrovsky theorem, there are two equal in 
rights "universes" : the real "universe" and the p-adic one. The real "universe" 
is based on the field M of real numbers, which is defined as the completion of 
the field of rational numbers Q with respect to the usual Euclidean distance 
between rational numbers. In its turn, the p-adic "universe" is based on the 
field Qp of p-adic numbers, which is defined as the completion of Q with respect 
to the p-adic norm | • |p. This norm is defined as follows: if an arbitrary rational 
number a; 7^ is represented as a; = p'^^, where 7 = 7(0;) G Z and the integers 
m, n are not divisible by p, then 

(1.1) |x|p=p-^, x^O, |0|p = 0. 

The norm | ■ \p satisfies the strong triangle inequality + ^ max(|x|p, \y\p) 
and is non- Archimedean. 
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During a few hundred years theoretical physics has been developed on the 
basis of real (and later also complex) numbers. However, in the last 20 years 
the field of p-adic numbers Qp (as well as its algebraic extensions) has been 
intensively used in theoretical and mathematical physics, stochastics, cognitive 
sciences and psychology [6], [7], [H]- [13], [16], [22], [26], [35]- [37] (see also the 
references therein). However, since a p-adics is a young area there are many 
unsufficiently studied problems which have been intensively studied in the real 
"universe" . One of them is the p-adic wavelet theory. 

Nowadays it is difficult to find an engineering area where wavelets (in the 
real setting) are not applied. There is a general scheme for the construction 
of wavelets in the real setting, which was developed in the early nineties. 
This scheme is based on the notion of the multiresolution analysis introduced 
by Y. Meyer and S. Mallat [29], [SO]- The ]9-adic wavelet theory is now in 
conceptual stage of investigation. In this theory the situation is as follows. 

In 2002, S. V. Kozyrev [21] found a compactly supported p-adic wavelet 
basis for £^(Qp) which is an analog of the real Haar basis: 

(1.2) ek;,a{x) = p~'/\p{p-'kipix - a))n{\p^x - a\p), x e Qp, 

= 1, 2, . . . ,p — 1, j G Z, a G Jp = Qp/Zp, where fl{t) is the characteristic 
function of the segment [0, 1] C M, the function XpiC^) is an additive character 
of the field Qp for every fixed G Qp (see Sec. |2]). Kozyrev's wavelet basis 
(11. 2p is generated by dilatations and translations of the wavelet functions: 

(1.3) Okix) = Xpip'^kxMx\p), xgQp, A; = 1,2,...,p-1. 

Multidimensional p-adic bases obtained by direct multiplying out the wavelets 
(11. 2p were considered in [2]. The Haar wavelet basis (II. 2p was extended to the 
ultrametric spaces in [H], [15], [25]. 

J. J. Benedetto and R. L. Benedetto [8J, R. L. Benedetto [9J suggested a 
method for finding wavelet bases on the locally compact abelian groups with 
compact open subgroups, which includes the p-adic setting. They did not 
develop the multiresolution analysis [MRA), their method being based on the 
theory of wavelet sets. Their method only allows the construction of wavelet 
functions whose Fourier transforms are the characteristic functions of some 
sets (see [Bl Proposition 5.1.]). Note that Kozyrev's wavelet basis (11.21) can be 
constructed in the framework of Benedettos' approach [8, 5.1.]. 

The notion of p-adic MRA was introduced and a general scheme for its 
construction was described in ^32j . To construct a p-adic analog of a classical 
MRA we need a proper p-adic refinement equation. In our preprint ^7\, the 
following conjecture was proposed: the equahty 

P-i ^ ^ 

(1.4) 0(a;) = ^0(^ a;eQ^, 
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can be considered as a refinement equation. A solution (p to this equation (a 
refinable function) is the characteristic function of the unit disc 

(1.5) ^{x) = n{\x\p), xeQp. 

The equation (11.41) reflects natural "self-similarity" of the space Qp-. the unit 
disc -Bo(O) = {x : \x\p < 1} is represented by a sum of p mutually disjoint discs 

i?o(0) = fi-i(0)u(u^Ii^i?_i(r)), 

where B_i{r) = |x : |x — r\p < (see formula (12. 6p in Proposition 12.11) . 

The equation (II. 4p is an analog of the refinement equation generating the 
Haar MRA in the real analysis. Using this idea, the notion of p-adic MRA 
was introduced and a general scheme for its construction was described in [32] . 
The scheme was realized for construction 2-adic Haar MRA with using (II. 5p 
as the generating refinement equation. In contrast to the real setting, the 
refinable function (p generating the Haar MRA is periodic, which never holds 
for real refinable functions. Due to this fact, there exist infinity many different 
orthonormal wavelet bases in the same Haar MRA (see P2j). One of them 
coincides with Kozyrev's wavelet basis (II. 2p . From the standpoint of results 
of the papers [19] , [1] , in [32] all compactly supported wavelet Haar bases were 
constructed. 

It turned out that the above-mentioned p-adic wavelets are eigenfunctions of 
p-adic pseudo-differential operators [2]-[5], fT7], [H], [2l], [25] (see also Sec. Hj). 
Thus the spectral theory of p-adic pseudo-differential operators is related to 
the wavelet theory. On the other hand, it is well-known that numerous models 
connected with p-adic differential equations use pseudo-differential operators 
(see [12], [22], [5S] and the references therein). This is closely related to the fact 
that for the p-adic analysis associated with the mapping Qp C, the operation 
of differentiation is not defined, and as a result, many models connected with 
p-adic differential equations use pseudo-differential operators, in particular, the 
fractional operator D"' (see the above-mentioned papers and books). These two 
facts imply that study of wavelets is important since it gives a new powerful 
technique for solving p-adic problems. 

Contents of the paper. The main goal of this paper is to construct a 
countable family of new compactly supported non- Haar p-adic wavelet bases in 
£^(Qp). Another goal is to study the connections between wavelet analysis and 
spectral analysis of p-adic pseudo- differential operators. In addition, we use our 
results to solve the Cauchy problems for p-adic pseudo-differential equations. 

In Sec. [21 we recall some facts from the theory of p-adic distributions [TO] , 
|33] |35j . In particular, in Subsec. 12.21 some facts from the theory of the p-adic 
Lizorkin spaces of test functions $(Qp) and distributions $'(Qp) are recalled 
(for details, see [2]). 

In Sec. El non- Haar p-adic compactly supported wavelet bases are introduced. 
In Subsec. 13.11 we construct the non-Haar basis (13.40 which was introduced in 
the preprint [T7] (for the brief review see p^). In contrast to (II. 2p . for the basis 
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(13 ■4p the number of generating wavelet functions is not minimal, for example, 
for p = 2 we have 2'""^ wavelet functions (instead of one as it is for (II. 2p and 
for classical wavelet bases in real analysis). The basis (13. 4p is the non-Haar 
wavelet basis, since it cannot be constructed in the framework of the p-adic 
Haar MRA (see |32] and Theorem 13. ip . According to Remark 13. Kozyrev's 
wavelet basis (II. 2p is a particular case of the basis (13.40 for m = 1. According 
to the same remark, our non-Haar wavelet basis (13. 4p can be obtained by using 
the algorithm developed by the Benedettos [8]. However, using our approach, 
we obtained the explicit formulas (13. 4p for this basis. Moreover, our technique 
allows to produce new wavelet bases (see in Subsec. 13.21) . In Subsec. 13.21 using 
the proof scheme of [521 Theorem 1], we construct infinitely many new different 
non-Haar wavelet bases (13.231) . (I3.17p . (13.181) which are distinct from the basis 
(13. 4p . These new bases cannot be obtained in the framework of the standard 
scheme of the MRA [32]. Our bases given by formulas ^M), fIXTTI) . fl3:T8|) 
cannot he constructed by Benedettos' method [8]. For example, it is easy to 
see that the Fourier transform of our generating wavelet-functions ip'f^''^^\x) , 
s e </p;m defined by (I3.17p . (13.180 and all their shifts are not characteristic 
functions (see Remark 13.20 . In Subsec. 13.31 n-dimensional non-Haar wavelet 
bases (I3.25P and (I3.29P are introduced as n-direct products of the corresponding 
one-dimensional non-Haar wavelet bases. All above wavelets belong to the 
Lizorkin space of test functions $(Qp). In Subsec. 13.41 the characterizations of 
the spaces of Lizorkin test functions and distributions in terms of wavelets are 
given (see Lemma IXTl and Proposition l3.1l) . which are very useful for solution of 
p-adic pseudo-differential equations. The assertions of the type of Lemma 13.11 
and Proposition 13.11 were stated for ultrametric Lizorkin spaces in |5j. 

In Sec. m the spectral theory of one class of p-adic multidimensional pseudo- 
differential operators (14. ip (which were introduced in |[2j) is studied. In Sub- 
sec. 14.11 14. 2[ we recall some facts on this class of pseudo-differential opera- 
tors defined in the Lizorkin space P'(Qp). Our operators (14.11) include the 
fractional operator [521 §2], [Ml IIL4.] and the pseudo-differential operators 
studied in |[22j, |38], [39]. The Lizorkin spaces are invariant under our pseudo- 
differential operators. In Subsec. 14.31 by Theorems 14. H 14.21 the criterion (14. 6 p 
for multidimensional p-adic pseudo-differential operators (14.10 to have multi- 
dimensional wavelets (13.250 and (I3.29P as eigenfunctions is derived. In partic- 
ular, the multidimensional wavelets (I3.25P and (I3.29P are eigenfunctions of the 
Taibleson fractional operator (see Corollaries l4.2fH^ . 

In Sec. the results of Sec. [5], S] are used to solve the Cauchy problems for p- 
adic evolutionary pseudo-differential equations. Note that the Cauchy problem 
(15.161) was solved in [1] for a particular case. These results give significant 
advance in the theory of p-adic pseudo-differential equations. Moreover, since 
many p-adic models use pseudo-differential operators (in particular, fractional 
operator), these results can be used in applications. 

It easy to see that formulas (I3.23p . (I3.17p . (13.180 do not give description of 
all non-Haar wavelet bases. 
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Due to the results of Sec. [3l there arise two important problems: to construct 
an analog of MRA scheme and describe all compactly supported non-Haar 
wavelet bases. It is necessary to verify if all non-Haar wavelet bases are given 
by formulas ([323]), (13X71) . (EUD? 

Taking into account representation (I3.15p . it is natural to suggest that in 
this case we must use the refinement type equation: 

0(a;) = ^0(^x-^), xGQp, 

instead of the Haar refinement equation (II. 4p . where 6 = or 6 = h^.p'' + 
hr+ip''^^ + ■■■ + b^_ip"'~\ r = 0,l,...,m-l, <bj < p-1, br 0. This 
equation reflects the geometric fact that the unit disc Bq = {x : \x\p < 1} is 
represented by a sum of p*" mutually disjoint discs B_m{b) = {x : \x ~ b\p < 
p-""}. 



2. Preliminary results in p-adic analysis 

2.1. p-Adic functions and distributions. We shall systematically use the 
notations and results from [35]. Let N, Z, C be the sets of positive integers, 
integers, complex numbers, respectively. 

Any j9-adic number x G Qp, a; 7^ 0, is represented in the canonical form 

(2.1) X = p'^ {xq + Xip + X2p'^ -\ ) 

where 7 = ■y{x) G Z, = 0, 1, . . . ,p — 1, Xq 7^ 0, A; = 0, 1, . . . . The series 
is convergent in the p-adic norm | ■ \p, and one has \x\p = p~"' . The fractional 
part of a number x G Qp (given by (12.11) ) is defined as follows 

^Z.Z; I p7(2;g+a;^p + a;2P^ + ...+a;|^|_^pl7|-l)^ if 7(3;) <0. 

The space Qp = Qp x ■ ■ ■ x Qp consists of points x = (xi, . . . ,x„), where 
Xj G Qp, j = 1, 2 . . . , ra, n>2. The p-adic norm on Q^ is 

(2.3) IxL = max IxJp, ^ Qn, 

l<j<n ' ■'"^ t' 

where \xj\p, Xj G Qp, is defined by (II. ip . j = 1, . . . ,n. Denote by B'"{a) = {x : 
\x — a\p < p'^} the ball of radius p^ with the center at a point a = (ai, . . . , a„) G 
Qp and by 5'"(a) = {x : |x— a|p = p'^} = B^{a)\B'!^_^{a) its boundary (sphere), 
7 G Z. For a = we set 5:^^(0) = B"^ and S':;(0) = S^;. For the case n = 1 we 
will omit the upper index n. Here 

(2.4) 5:;?(a) = 5^(ai) X ■■■ X B^(a„), 



where B^{aj) = {xj : \ is a disc of radius p'^ with the center at 

a point Qj G Qp, j = 1, 2 . . . , ri. Any two balls in Q^ either are disjoint or one 
contains the other. Every point of the ball is its center. 
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Proposition 2.1. ( [35, 1.3, Examples 1,2.]) The disc is represented by 
the sum of p^~'^' disjoint discs By (a), 7' < 7.- 

(2.5) B^ = By UUaBy{a), 

where a = and a = a^rp~^ + O'-r+iP^^^^ + ■ ■ ■ + a^y ^ip^^' are the centers 
of the discs By{a), 0<aj<p — l,j = — r, — r + 1, . . . , —7' — 1, a^r 7^ 0, 
r = 7, 7 — 1, 7 — 2, . . . , 7' + 1. In particular, the disc Bq is represented by the 
sum of p disjoint discs 

(2.6) 5o = fi-iUU^-i'5_i(r), 

where -B_i(r) = {x & So : Xq = r} = r + pZp, r = 1, ... ,p — 1; = 
{\x\p < p^^} = pl^pi and So = {\x\p = 1} = U^I;^-B_i(r). Here all the discs are 
disjoint. 

We call covering (12. 5p . (12. 6p the canonical covering of the disc Bo- 
A complex- valued function / defined on is called locally- constant if for 
any x G there exists an integer /(x) G Z such that 

f{x + y) = fix), yeB^^^y 

Let ^^(Qp) and ©(Q^) be the linear spaces of locally- const ant C-valued func- 
tions on Qp and locally-constant C-valued functions with compact supports 
(so-called test functions), respectively; I^(Qp), i^(Qp) [35, VI. 1., 2.]. \i ip E 
©(Qp), according to Lemma 1 from pTJ, VI. 1.], there exists / G Z, such that 

^{x + y) = v{x), yeBl\ x G Q;. 

The largest of the numbers / = l{ip) is called the parameter of constancy of 
the function ip. Let us denote by T'5y(Qp) the finite-dimensional space of test 
functions from P(Qp) with supports in the ball B^ and with parameters of 
constancy > / [351 VI.2.]. We have V^Mp) ^ '^N'iQp), N <N', l> V . 

Lemma 2.1. ( [351 VI.5.,(5.2')]) Any function ip G I^jv(Qp) 

can he represented 

as a finite linear combination 

pn{N-l) 

cpix)= J2 ^ia^Mx-an. xGQ;, 

where Ai{x — a") = Q{p^''\x — a'^|p)](x) is the characteristic function of the 
ball Bl^{a'^), and the points a" = {a'^, . . . a'^) G B^ do not depend on ip and are 
such that the bolls B'i \a^), u = 1, . . . ^^"(^-0^ are disjoint and cover the ball 
B^. 

Denote by V'{Q^) the set of all linear functional on V{Q^) [351 VI.3.]. 
The Fourier transform of ^9 G T'(Qp) is defined by the formula 

F[vm= I Xp{i-x)^{x)d-x, ie%, 
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where d"x = dxi ■ ■ ■ dxn is the Haar measure such that Jj^| d^x = 1; Xp{^ ' 

^) = Xpi^i^i) ■ ■ ■ Xpi^nXn)] ^ ■ a; is the scalar product of vectors and Xpi^j^j) = 
^2Tn{(jXj}p g^j^g additive characters, {x}p is the fractional part (12. 2p of a number 
X e Qp. 

Lemma 2.2. ( [33l Lemma A.], [311 111,(3.2)], [35l VIL2.]) The Fourier trans- 
form is a linear isomorphism V{Qp) into 'D(Qp). Moreover, 

(2.7) ^(a:) G P5v(Qp) ^ff F^x)] (0 G I^I^IQ;)- 

The Fourier transform F[f] of a distribution / G 'P'(Qp) is defined by the 
relation (F[/],<^) = {f,F[ip]), for all cp G P(Qp. 

Let A be a matrix and b G Qp. Then for a distribution / G 'D'(Qp) the 
following relation holds ^35j, VII, (3.3)]: 

(2.8) F[f{Ax + 6)](0 = I det A\;'xp{ - A'^b ■ ^)F[f{x)] {A-'^), 
where det A ^ 0. According to [35", IV, (3.1)], 

(2.9) F[Q{p'''\ ■ |p)](x) = p^'Q{p'\x\p), kez, xeq;. 

In particular, F[f2(|^|p)](x) = fi(|x|p). Here fl(t) is the characteristic function 
of the segment [0, 1] C M, 

2.2. p-Adic Lizorkin spaces. According to [2], [3], the p-adic Lizorkin space 
of test functions is defined as 

<I>(Q^) = {0:0 = F[^],^Gv1/(Q;)}, 

where ^(Q;J) = {^(0 e I?(Qp) : ip{0) = 0}. The space <l>(Qp can be equipped 
with the topology of the space V{Qp) which makes it a complete space. In view 
of Lemma [2^21 the Lizorkin space $(Qp) admits the following characterization. 

Lemma 2.3. ( [2], [3]) (a) G $(Q^) ^if G D(Qp anti 

(2.10) /" 0(x)ci"a; = O. 

(b) G I)^(Qp") n <l>(Q^), I.e., J^„J{x)d^x = 0, zff ^ = F-i[0] g 
PZf (Q-) n vl/(Q^), z.e., ^(0 = 0, e G 5!!^. 

Suppose that ^'(Qp) and \l/'(Qp) denote the topological dual of the spaces 
$(Qp) and \l/(Qp), respectively. We call $'(Qp) the space of p-adic Lizorkin 
distributions. The space $'(Qp) can be obtained from I^'(Qp) by "sifting 
out" constants. Thus two distributions in P'(Qp) differing by a constant are 
indistinguishable as elements of $'(Qp). 

We define the Fourier transform of / G $'(Qp) and g G ^'(Qp) respectively 
by formulas (F[/],V^) = (/,F[V^]), for all ^ G vl/(Qp, and {F[g],(t>) = (^?,F[0]), 
for all G $(Q;J). It is clear that F[$'(Qp] = ^'(Q;j) and F[^'(Qp] = 
$'(Q-) [2]. 
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Recall that in the real setting the Lizorkin spaces were introduced in the 
excellent papers by P. I. Lizorkin [27], 

3. NON-HAAR J9-ADIC WAVELET BASES 

3.1. One non-Haar wavelet basis in £^(Qp). It is well known that Qp = 
5o(0) UU^^i^^, where = {x e Qp : \x\p = p"/}. Due to ([211]), a; G S"^, 7 > 1, 
if and only if a; = X-^p~'^ + + ■ ■ ■ + x^ip^^ + ^, where 7^ 0, 

^ G -Bo(O). Since X-^p~'^ + x^yjf-ip~'^^^ + ■ ■ ■ + X-^ip^^ G Ip, we have a "natural" 
decomposition of Qp into a union of mutually disjoint discs: 

Qp=[j Boia). 

aelp 

Therefor, 

Ip = {a= p"^ (ao + aip H h a^-ip'^~^) : 

(3.1) 7 e N; a, = 0, 1, . . . ,p - 1; J = 0, 1, . . . , 7 - 1} 

is a "natural" set of shifts for Qp, which will be used in the sequel. This set Ip 
can be identified with the factor group Qp/Zp. 
Let 

Jp;m = {S= P'^'iso + SIP+--- + S^-iP™"^) : 

(3.2) s,- = 0, 1, . . . ,p - 1; J = 0, 1, . . . , m - 1; So 7^ 0}, 

where m > 1 is a fixed positive integer. 

Let us introduce the set of {p — l)p'^~^ functions 

(3.3) ei'^^x) =Xp{sx)Q{\x\p), seJp-m, xGQp, 

and the family of functions generated by their dilatations and shifts: 

(3.4) 9i;'l{x) = p-'/\p{s{p^x - a))n{\p^x - a\p), x G Qp, 

where s G Jp-m, j & 'Z^, a E Ip, Q(t) is the characteristic function of the segment 
[0, 1] C M. 

Theorem 3.1. The functions (13.41) form an orthonormal non-Haar p-adic 
wavelet basis in £^(Qp). 

Proof. 1. Consider the scalar product 

<?a(^)) = P-^'^''^^' [ Xp{s'{/x - a') - sip^x - a)) 

(3.5) X Q(^\pPx — a\p)Q(^\p^ X — a'|p) dx. 
If j < j', according to formula [3S1 VII. 1], [24] 

(3.6) Q[\p' X — a\p)Q[\p' X — a'\p) = Q^lp'x — a\p)Q[\pP — a'\p), 
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fl3.5p can be rewritten as 

(3.7) X / x-,H/- «))n(|p'-<.|p)<i- 



Let j < j'. Making the change of variables ^ = p'x — a and taking into 
account fl2.9p . we obtain from fl3.7p 

xn{\/^^a-a%) [ Xp{{/-'s'-s)^p{\^\,)d^ 

JQp 

(3.8) X Q{\/~'a - a'\p)n{\p''~'s' - s\p). 
SmcG 

S = p""" {sq + SlP^ h Sj-ip™-"^) , 

where Sg, sq ^ 0, j'— j < 1, it is clear that the fractional part {^•''""'s' — s}p 7^ 0. 
Thus ^](|/-^.' - .1,) = and (^^,,(0:), ^(-^(x)) = 0. 

Consequently, the scalar product 6'^™|j(a;)) = can be nonzero 

only a j = j'. In this case (13.80 implies 

(3.9) = p-'Xp{s'{a - a'))Q{\a - a'\p)Q{\s' - s\p), 

where fi(|a — a'\p) = 5a'a, ^{\s' — s\p) = 5s's, and 5s's, ^a'a are the Kronecker 
symbols. 

Since ^(Ip'a; — a\p) dx = , formulas (13. 8p . (13. 9p imply that 

(3.10) {0^:^]'a'i^),0^^l{x))=6,J,,,6^,^. 

Thus the system of functions (13. 4p is orthonormal. 

To prove the completeness of the system of functions (13. 4p . we repeat the 
corresponding proof [21] almost word for word. Recall that the system of the 
characteristic functions of the discs -Bfc(O) is complete in £^(Qp). Consequently, 
taking into account that the system of functions {O^J^ai^) '■ ^ ^ Jp;m',j G 
Z, a G Ip} is invariant under dilatations and shifts, in order to prove that 
it is a complete system, it is sufficient to verify the Parseval identity for the 
characteristic function f2(|a;|p). 

If < j, according to ^M), ^Ml, 

{n{\x\p),e^^l{x))=p-^/'n{\-a\p) [ Xp{s{i^x-a))n{\x\p)dx 
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= p-'^\p{ - sa))n{\sp^\,)n{\ - a\p) 

r 0, a^O, 

(3.11) = { °' " = ^ ^ ~ 1' 

I p'-J/^j a = 0, j > m. 

If > j, according to (JSJl), (EH), 

(^^(kW,^S(x)) =p'^/'n{\p-^a\,) [ xp{s{p'x-a))n{\p^x-a\,)dx 

(3.12) =p^/'n{\p-^a\p) [ Xp{sip{\^\p)d^ = P'^'^{\P~'<MM=0- 
Thus, 

oo 

E l(^(kw,^S(a^))r = E E 

S&Jp-m\j&,a&Ip j=ms€jp;m 

„— m 

= p"^-i(p - 1) = 1 = I ^(kW T- 

Thus the system of functions (13. 4p is an orthonormal basis in £^(Qp). 

2. Since elements of basis (13. 4p can be obtained by dilatations and shifts of 
the set of {p — l)p™~^ functions (13.31) . it is the p-adic wavelet basis. 

3. According to [32j, the Haar wavelet functions are constructed by the Haar 
type refinement equation (II. 4p . In particular, it is easy to see that Kozyrev's 
wavelet functions (II. 3p can be expressed in terms of the refinable function (II. 5p 
as 

(3.13) 9k{x) = Xp{p'^kx)n{\x\p) ='^hkr(p(^-x x e Qp, 

r=0 ^ ^ 

where hkr = e''^^^~p^^ ^ r = 0, 1, . . . ,p — 1, A; = 1, 2, . . . ,p — 1. In this case the 
wavelet functions 9k{x) = XpiP~^kx)il[\x\p) takes values in the set {e^'^^p' : 
r = 0, 1, ... ,p — 1} of p elements on the discs B_i{r), r = 0, 1, . . . ,p — 1. 
Thus any wavelet function 6k{x) is represented as a linear combination of the 
characteristic functions of the disks of the radius of p~^. 

In contrast to the Kozyrev wavelet basis (II. 2p . the number of generating 
wavelet functions (13. 3p for the wavelet basis ( 13. 4p is not minimal. For example, 
if p = 2, then we have 2™~^ wavelet functions (instead of one as it is for (II. 2p 
and for classical wavelet bases in real analysis. 

Let -Bo = Ub-B_m(a) U 5-m be the canonical covering (12. 5p of the disc Bq 
with p™- discs, m > 1, where 6 = and b = brp"^ + br+ip'^^^ + ■ • • + 6m~iP"^~^ 
is the center of the discs -B_m and B_rn{b), respectively, < bj < p — 1, 
j = r,r + 1, . . . ,m — 1, br 0, r = 0, 1, 2, . . . , m — 1. 

For X G B_rn{b), s G Jp-rn, wc havc X = b + p'^{yo + ViP + y2P^ + ■■■)' 
s = p~^ (^Sf^ jf- s^p -\ h Sm_ip™"^) , So 7^ 0; sx = s6 + ^, ^ G Zp] and {sx}p = 
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{Sb}p = + ar+ip +■■■ + bm-lP""-'-^) (so + SiP + ■ ■ ■ + 

r = 0, 1, 2, . . . , m - 1, (see (Q). Thus, 
e^rHx) = Xp{sx)n{\x\,) 

{0, \x\p>p, 
1, X e B_rn, 

where < bj < p — 1, j = r, . . . , m — 1, br ^ 0, r = 0, 1, . . . , m — 1; 
s = p-^(^so + Sip-\ hs„_ip™-^), < < j = 0, 1, . . . ,m-l, So 7^ 0. 

Thus the function 6i^\x) = Xp{sx)Q[\x\p) takes values in the set i^e'^'^^^'^''^^ : 
^ = ^'P'' < bj < p-l,j = r,...,m-l, br ^ , r = 0, 1, . . . , m - 1} 

of p"^ elements on the discs B^„i{b). By using (13.141) . one can see that in 
contrast to the Kozyrev wavelet functions fll.3p . any wavelet function 
is represented as a linear combination of the characteristic functions of the 
disks of the radius of p"™: 

(3.15) en^) = Xv{sx)^{\x\p) =Y.~^s,<t^{-^x - A), 

X e Qp, where hsb = e^^^^^^^f , 6 = or 6 = brp'' + br+ip"^^ + ■■■ + bm-ip"'~\ 
r = 0,1, ... ,m — 1, < bj < p — 1, br 0; s G Jp-rn- 

According to formulas fl3.14p . fl3.15p . the wavelet function (13. 3p cannot be 
represented in terms of the Haar refinable function (j){x) = (which is a 

solution of the Haar refinement equation (11.40 ). i.e., in the form 

^^Ha;) = 5^/3„0(p-ia;-a), /3„ G C. 

Consequently, the wavelet basis (13. 4p is non-Haar type for m > 2. □ 

Making the change of variables ^ = p^x — a and taking into account ( 12. 90 . 
we obtain J QpO^J^lix) dx = p^/' J Xp{s^M\^\p) = P'^'^iM = 0, i.e., 

according to Lemma [2. 3[ the wavelet function ^^^•^(a;) belongs to the Lizorkin 
space $(Qp). 

Remark 3.1. 1. Kozyrev's wavelet basis (II. 2p is a particular case of the 
wavelet basis (13.41) for m = 1. Indeed, in this case we have 6'^^]„(x) = 6kja{x), 
where s = p~^k, k = 1,2, . . . ,p — 1; j E Z, a & Ip. 

2. Our non-Haar wavelet basis (13.40 can be constructed in the framework of 
the approach developed by J. J. Benedetto and R. L. Benedetto [8] Q. In the 
notation [8], is the ball Bq, and Al : Qp ^ Qp is multiplication by p~^, and 
W = {Al)"^~^H-^ = Bm-i- In addition, the "choice coset of representatives" P 
in [H] is the set (13.11) of shifts Ip, and the set Jp-rn given by (13.21) is precisely the 

"'^Here we follow the referee report of the previous version of our paper. 
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set Vn (^{AlW) \ W) that appears in equation [HI (4.1)]. The set Jp-m consists 
of = p™" — p™^^ elements, where N is the number of wavelet generators. 

The algorithm of [8| starts with N sets Qs, and local translation func- 
tions Tg, one for each s e Jp;m- In order to construct the wavelets 03.41) by 
using the algorithm of [8], we set 

a,o = Bo{p-"'{s,p+- ■ ■ + s„_ip™-i)) 

= P"'"(sip + ■ ■ ■ + s^_ip™-^) + BoC 
i.e., remove the term sq and add the set Bq = H^. We also define 

Ts : Bra-i ^ B.m\ B^-i by Ts{w) =w + Sop'"", 

so that Tg maps Qs,o to Bq{s) by translation. It is easy to verify that this 
data fit the requirements of [8]: each f^^^o is (r, r')-congruent to = Bq, 
the union of all such sets contains a neighborhood of 0, each Tg has the form 
required by formula (SJ (4.1)], and for each s 7^ s' in Jp-m, one of the two 
compatibility condition [8, (4.2) or (4.3) ] holds. Thus, by using the algorithm 
of [8|, one can produce the wavelets (13.41) . Moreover, according to fl3.28p . any 
wavelet Oi"^^ is the Fourier transform of the characteristic function of each disc 
Bo{s), s G Jp-m- Recall that the algorithm of [8j only allows the construction 
of wavelet functions whose Fourier transforms are the characteristic functions 
of some sets (see [H Proposition 5.1.]). 

3.2. Countable family of non-Haar wavelet bases in £^(Qp). Now, using 
the proof scheme of ^32], Theorem 1], we construct infinitely many different 
non-Haar wavelet bases, which are distinct from the basis (13.41) . 

In what follows, we shall write the p-adic number a = p~^ (oq + aip + ■ ■ ■ + 
a.y-ip'^^^) E Ip, aj = 0,1, ... ,p — 1, j = 0, 1, . . . , 7 — 1, in the form a = ^, 

where r = + aip + ■ ■ ■ + a^^ip'^'~^. 

Since the p-adic norm is non- Archimedean, it is easy to see that the wavelet 
functions (13. 3p have the following property: 

(3.16) 0'r\x±l) = Xpi±s)ei"'\x), s E Jp-,m. 
Theorem 3.2. Let u = 1,2, . . . . The functions 

(3.17) ^f)M(x) = (^sA'^^l^ - Jp-,m, 

are wavelet functions if and only if 

p"-\ 

(3.18) as-,k=P 2^ 7s;re " , 
where 'ys;k e C, \'ys;k\ = 1, k = 0,1, . . . ,p'' - 1, s e Jp-^m- 
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Proof. Let ipi^'^^'^^x) be defined by fl3.17p . s G Jp-m- According to Theorem 13. 11 
{Oi"^\- — a),s G Jp-m,o, G Ip} is an orthonormal system. Hence, taking into 
account (13.161) . we see that ipi"^^^"^ is orthogonal to iIj^^\x){- — a) whenever 
a & Ip, a ^ k = 0,1, .. .p'^ — 1; u = 1,2, . . . . Thus the system {ipi^'^^'^^x — 
a), s G Jp-m, d £ Ip} is orthonormal if and only if the system consisting of the 
functions 



r — 1 



r + 1 



(3.19) 



+ ■ ■ ■ + as.,p^-i-r9'r'^ 



X 



- 1 
p" 



r = 0, . . . ,p^ — 1, s E Jp-m, is orthonormal, z/ = 1, 2, . . . . Set 



p" - 1 
pu 



where T is the transposition operation. By (I3.19p . we have si'^^ = Ds'^s\ 
where 



(3.20) 



Xp(-s)as;p^_i as;o 
Xp(-s)a,;p--2 Xp(-s)as;p-- 



C^s;p''-3 
Cts;p''-4 



Ois;p''~2 
C>^s;p''-3 



Xp(--s)a.;2 Xp(--s)a.;3 
\ Xp{-s)as-i Xp{-s)as-2 



Ois-0 

. . Xp{-s)as;p-^-i as;0 / 

and s G Jp;m; = 1, 2, ... . Due to orthonormality of {tpi™'^^''\x){- — a),s G 
Jp-,m, Ci £ Ip], the coordinates of "^s^ form an orthonormal system if and only 
if the matrixes Dg are unitary, s G Jp->m- 

Let Ms = (as;o, tts;!, • • • , asip^-i)"^ be a vector and let 







. 


. 





Xp(-s) 


\ 




1 


. 


. 















1 . 


. 



























. 


. 1 












V 


. 


. 


1 





/ 
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be a X matrix, s G Jp-^m- It is not difficult to see that 

^^ 

where r = 0,1, . . . jp'^ — 1, sG Jpym', ^ = 1,2, ... . Thus we have 

Ds = {ug, AgUg, . . . , ^Mg) . 

Consequently, to describe all unitary matrixes Ds, we should find all vec- 
tors Us = {as-o,as.i, . . . ,asyp-^-i)^ such that the system of vectors {AlUs,r = 
0, . . . ,p'^ — 1} is orthonormal, s G Jp-m- We already have such a vector 

Uq = (1,0,..., 0, 0)"^ because the matrix Dq = Auq, . . . , Ap'^'^uq) is the 
identity matrix. 

Now we prove that the system {AlUs,r = 0, . . . ,p'^ — 1} is orthonormal 
if and only if Us = BsUq, where Bs is a unitary matrix such that AgBs = 
BgAg, s G Jp-m- Indeed, if Ug = B^uq, Bg is a unitary matrix such that 
AsBs = BgAg, then A^Us = BgA^uo, r = 0, 1, . . . — 1, s G Jp-m- Since 
the system {A^uq, r = 0, 1, ... — 1} is orthonormal and the matrix Bg is 
unitary, the vectors A^Ug, r = 0,1, . . . ,p'^ — 1 are also orthonormal, s G Jp-m- 
Conversely, if the system A^Ug, r = 0,1, . . . ,p'^ — 1 is orthonormal, taking 
into account that {Aluo,r = 0, 1, ... — 1} is also an orthonormal system, 
we conclude that there exists a unitary matrix Bg such that A^Ug = Bg^A^uo), 
r = 0,1,..., p'^ — 1. Since A^^Ug = Xp{~s)us and A^'^uq = Xp(— s)mo, we 
obtain additionally A^'^Ug = BgA^^UQ. It follows from the above relations that 
{AgBg — BgAg){A''gUo) = 0, r = 0,1,..., p'^ — 1. Since the vectors A^uq, 
r = 0,1, . . . ,p'^ ~ 1 form a basis in the p'^-dimensional space, we conclude that 

AgBg BgAg, S G Jp-^rn- 

Thus all required unitary matrixes (I3.20p are given by 

Dg = {BgUQ, BgA^uo, BgA{'^uof , 

where Mq = (1, 0, . . . , 0, 0)-^ and Bg is a unitary matrix such that AgBg = BgAg, 
s G Jp-m- It remains to describe all such matrixes Bg. 

It is easy to see that the eigenvalues of Ag and the corresponding normalized 
eigenvectors are respectively 

(3.21) A,;, = e''""^ 

and 

Vg;r = {iVs-r)o, • • • , (f s;r)p--l) 

where 



(3.22) 



{vg;r)i = p-^'^e-^'-^', 1 = 0,1,2,. ..,p^-l. 
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0,1, 



As = CsAsCg , where 



p'^ — 1, s G Jp-m- Hence the matrix As can be represented as 

-1 



As 



/ Xo ... \ 
Ai ... 



V ... Ap._i / 

is a diagonal matrix, Cs = {vg-o, • • • , Vs-p'^-i) is a unitary matrix. It follows 
that the matrix Bs = CgBsC^^ is unitary if and only if Bg is unitary. On 
the other hand, AsBg = BsAs if and only if AgBg = BgAg. Moreover, since 
according to fl3.2ip . A^^^ 7^ Xs-i whenever k I, all unitary matrixes Bg such 
that AsBs = BgAs, are given by 



Bs 



( Is-o 

7.;1 








V 







where 7^;^ ^ C, \'ys;k\ = I, k = 0,1, . . . ,p'^ — 1, s G Jp-m- Hence all unitary 
matrixes Bs such that AgBs = BsAs, are given by Bg = CBsC~^. Using (13.221) . 
one can calculate 

ag-k = {BgUo)k = {CgBgC^^uo)k 

p"-! p^-l 

= 'lsA'"s;r)kiVs-r)o = P'" ^ lu;, 

r=0 r-0 

|7s;fc| = 1, = 0, 1, . . . - 1„ S e Jp-m 



,e p 



s G Jp-m, j eZ, a e Ip} 



where 7^;^ G 

It remains to prove that 

(3.23) {p-^/2^(")M(p^a; -a),xe 

is a basis for C^{Qp) whenever ^^f^^"^ is defined by I KT7} . fIXTSD . z/ = 1, 2, . . . . 
Since according to Theorem 13.11 

{p-i/2^M(^-^ - a), X G Qp : s G Jp-,m, J G Z, a G Lp} 

is a basis for £^(Qp), it suffices to check that any function p^^^'^6i^\p'x — c), 
c G Ip, can be decomposed with respect to the functions p~^^'^ip'i^^^'^\p'x — a), 
a G Ip] where s G Jp-m, j ^ ^- Any c G /p, c 7^ 0, can be represented in the 
form c = ^ + b, where r = 0, 1, . . . ,p'^ — 1, \b\p > p^^^ , hp^ G lp. Taking into 

account that 



p--\ 



^ 7 — n 



A;=0 



r = 0,\,...,p'' 
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we have 

and + b ^ Ip, k = 0,1, . . . ,p'^ — 1, u = 1,2, ... . Consequently, any function 

p) can be decomposed with respect to the system of functions (13.231) . 

□ 

Thus, we have constructed a countable family of non-Haar wavelet bases 
given by formulas ^M), dSHZ]), ^M)- 

Remark 3.2. Let v = 1. According to flX^ . flXTTjl . flXTS]) : flO) . M . in 

this case we have 

^ij-m _ ^) = ^ c^^^^^^M (^^ _ a _ _ j ^ Jp,m, a e ip. 

Applying formulas (13.281) . (12. 8p to the last relation, we obtain 

P-1 , 

F[i^i"'^^'\x-am)=Xpi<M\^ + s\p)J2^s;kXp{-^), seJp,^, aelp. 

k=0 ^ 

Thus the right-hand side of the last relation is not equal to zero only if = 
—s + r],r] = r]Q + rjip + ■ ■ ■ G Zp, i.e., ^ E Bq{—s). Hence, for ^ E Bo{—s) we 
have 

P-1 ^ 

F[^i"'^^^\x-am)=Xpi-as)xpiari)J2»s;kXp[-i-s + Vo)), V ^ Zp, 

k=0 ^ 

where s E Jp-m, a E Ip,. It is easy to verify that for any s E Jp-m and a E Ip 
the right-hand side of last relation is not a characteristic function of any set. 
According to [H Proposition 5.1.], on/?/ the functions whose Fourier transforms 
are the characteristic functions of some sets may be wavelet functions obtained 
by Benedettos' method. Consequently, the wavelet basis corresponding to the 

{m)\l\ 

generating wavelet functions iIjI , s E Jp-m, cannot he constructed by the 
method of [8]. 

3.3. Multidimensional non-Haar p-adic wavelets. Since the one- dimen- 
sional wavelets (13.41) are non-Haar type, we cannot construct the ra-dimensional 
wavelet basis as the tensor products of the one- dimensional MRAs (see [32]). 
In this case we introduce ra-dimensional non-Haar wavelet functions as the 
n-direct product of the one-dimensional non-Haar wavelets (13.41) . For x = 
(xi, . . . , Xn) E Qp and j = (ji, . . . ,jn) & Z" we introduce a multi-dilatation 

(3.24) pix {p'^Xi, . . . ,p'"Xn) 
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and define the n-direct products of the one-dimensional p-adic wavelets (13 ■4p 
as 

(3.25) ei;;);(x) = p^\'\/\p{s ■ {pix - a))n{9x - a|,), x e Q^, 

where j = (ji,...,j„) G Z"; \j\ = ji + h jn, a = (ai,...,an) G 

s = (si, . . . , s„) G Jp-rn'^ m = (mi, . . . , nin), > 1 is a fixed positive integer, 
/ = 1,2, ... ,n. Here Ip, Jp.^ are the n- direct products of the corresponding 
sets dsn) and flO) . 

In view of (12.41) . Theorem 13. II implies the following statement. 

Theorem 3.3. The non-Haar wavelet functions (I3.25P form an orthonormal 
basis m C'^{<%). 

Using (12. 4p . it is easy to verify that ®^^ja i"^) — 0' i-^-' view of 

Lemma [273| the wavelet function 0^™|j^(x), j G Z", a G Ip, s G Jp-^mi belongs 
to the Lizorkin space $(Qp). 

Corollary 3.1. The n-direct product of one- dimensional Kozyrev's wavelets 

m 

(3.26) e,^^^,(x) = p-^'\/\p{p''k ■ {fix - a))n{\fix - a\p), x G Q^, 
form an orthonormal complete basis in £^(Qp), k G Jp, j G Z", a ^ Ip. 

The proof follows from Theorem 13.31 if we set m = 1. 
Corollary 3.2. The family of functions 

(3.27) e;™);(0 = F[eS-i^](0 = p\'\'\v{Pa . e)n{\s + Pi\p), e e q;, 

form an orthonormal complete basis in £^(Qp), j G Z"; a G /p," s G Jp-^; 
m = (mi, . . . , m„), mi > 1 is a fixed positive integer, I = 1,2, . . . ,n. 

Proof. Consider the function &i'^^^{x) = Xpi^ ' x)^{\x\p) generated by the 
direct product of functions (13. 3p . x G Q^, s = (si, . . . , s„) G J^^, Sk G Jp;m^:, 
= 1, 2, . . . , n. Using ([MD, (O, ([21]), we have 

n n 

Fie^J-^^xM) = F[l[xp{xkSkM\xk\p)]{0 = ll^[^(\'^k\p)]{^k + Sk\p) 

k=l k=l 



(3.28) =ll^{\^k + Sk\p)=n{\^ + s\p), 



Fp- 



k=l 



Here, in view of (12.41) . f2(|^+s|p) = i7(|,^i + si|p) x- ■ ■ x fi(|^„+s„|p) . According 
to 1^^, \sk\p = and ^{\^k + Sk\p) 7^ only if = Sk + Vk, where r]k G Zp, 
Sk £ <^;mfc, k = 1,2, . . . ,n. This yields ^ = —5 + 77, where 1] G Zp, s G J^^, 
and in view of (Q, |^|p = pmax{mi,...,m„}_ 
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In view of formulas ^Ml, ^M), dMD, we have 
i.e., I^M- 

The formula (13.271) . the Parseval formula [351 VII, (4.1)], and Theorem 13.31 
imply the statement. □ 

Similarly, one can construct n-dimensional non-Haar wavelet bases gener- 
ated by the one- dimensional non-Haar wavelets (13.231) (as the ra-direct prod- 
uct): 

(3.29) *S''"(x) = p-l^'l/2^^i)M(p''ixi - ai) ■ ■ ■^^")M(p^"a;„ - a„), 

where x E Q"^ and ipi^'"^^''^ is defined by (IXT7D . (IXTHD . j = (ji, . . . , j„) G Z"; 

\j\ = ji H h j„; a = (ai,...,a„) e I^; s = (si,...,s„) G J^^^; m = 

(mi, . . . , rrin), rrik > 1 is a fixed positive integer, k = 1,2, . . . ,n; u = 1,2, . . . . 

3.4. p-Adic Lizorkin spaces and wavelets. Now we prove an analog of 
Lemma [2. II for the Lizorkin test functions from $(Qp). 

Lemma 3.1. Any function cf) G $(Qp) can be represented in the form of a 
finite sum 

(3.30) 0(x)= c.;,,,el;^.i^(x), xgQ^, 

where Cg-j^a o,''"^ constants; Q^J^ja {^) O''^^ elements of the non-Haar wavelet basis 
^M; s = {si,...,Sn) G Jp%; J = (ji,...,J„) G Z", IjI = j, + ■ ■ ■ + Jni 
a = (ai, . . . , a„) E 1^ ; m = (mi, . . . , m„), m; > 1 is a /ixed positive integer, 
I = 1,2,. ..,n. 

Proof. Let us calculate £^(Qp)-scalar product {4>{x) , Q^J!j^ (x)) . Taking into 
account formula (13.271) and using the Parseval-Steklov theorem, we obtain 

c,,, = (0(0;), el™): (a:)) = (i^[0](O, i^[egil(0) 

(3.31) = {m,P^'^^'Xp{P(^-0^{\s + P^\p)), 

where j G Z", a E Ip, s E Jp-^. Here, according to Lemma [2731 any function 
G $(Qp belongs to one of the spaces V^n{Q^), ^ = ^"^[0] G ^(Qp) n 
©1/^(0^, and suppV^ C 5'!, \ B'lj^. 

Let |s|p 7^ b^-'^lp- Since p^^ < \^\p < p~^ and 

\s+P^\p = max{\s\p, iP^p) = max (^"^^^('"i'-'"^"), max(p^''= , 

in view of (I3.3ip . it is clear that there are finite quantity of indexes s = 
(si,...,s„) G J^„, j = {ji,...,jn) G Z" such that Cs-j,a 0. The case 
kip = b^-'^lp = p™^^^™-!'---'™-") can be considered in the same way. 
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Thus equality fl3.30p holds in the sense of £^(Qp). Consequently, it holds in 



the usual sense. □ 

Using standard results from the book [31] or repeating the reasoning [20] . 
[2T] almost word for word, we obtain the following assertion. 



Proposition 3.1. Any distribution f G $'(Qp) can be realized in the form of 
an infinite sum of the form 

(3.32) fix)= Yl ^eQp' 

where ds-j^a o,^^ constants; Q^J^jai^) ^'^^ elements of the non-Haar wavelet basis 

mB; s = e J = {ju...,jn) e Z", |j| = + ... + j„; 

a = («!,..., a„) & Ip ; m = (mi, . . . , m„), nii > 1 is a fixed positive integer, 
I = l,2,...,n. 

Here any distribution / G $'(Qp) is associated with the representation 
(13.321) . where the coefficients 

(3.33) 4;,,a'= (/,el?;);>, .GJ,%, JGZ^ aei;. 

And vice versa, taking into account Lemma 13.11 and orthonormality of the 
wavelet basis (13.251) . any infinite sum is associated with the distribution / G 
$'(Qp) whose action on a test function (f) G $(Qp) is defined as 

(3-34) {fA)= Y ds-j,aCs-j,a: 

where the sum is finite. 

It is clear that in Lemma [XT] and Proposition 13.11 instead of the basis (13. 4p or 
its multidimensional generalization (I3.25p . one can use the bases (13.230 . (13.170 . 
(13.181) and their multidimensional generalizations. 

In [S] , the assertions of the type of Lemma 13.11 and Proposition 13.11 were 
stated for ultrametric Lizorkin spaces. 

4. Spectral theory of p-adic pseudo-differential operators 

4.1. Pseudo-differential operators in the Lizorkin spaces. In this sub- 
section we present some facts on pseudo-differential operators which were in- 
troduced in [2], [3]. Consider a class of pseudo-differential operators in the 
Lizorkin space $(Qp) 

{A<p){x) = F-'[A{-)F[<j>]{.)]{x) 

(4.1) = / / Xp{{y-x)-0AOHy)d''^d''y, G $(Q^) 

with symbols AeSiQ^X {0}). 
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Remark 4.1. The class of operators (14. ip includes the Taibleson fractional 
operator with the symbol of the form (see f l4.4p ): the Kochubei operator 
with the symbol of the form A{0 = . . . , a > 0, where /(^i, . . . , Cn) 

is a quadratic form such that /(^i,---,^n) 7^ when + ■ ■ ■ l^^lp ^ 
(see [22], [23]); the Zuniga-Galindo operator with the symbol of the form 
^(0 = 1/(^1, ••• a > 0, where /(Ci,...,6n) is a non-constant poly- 

nomial (see 



If we define a conjugate pseudo-differential operator as 



then one can define the operator A in the Lizorkin space of distributions: for 
/ G $'(Qp) we have 

(4.2) (A/,0) = (/,A^0), V0G<f( 



Lemma 4.1. ( [2j) The Lizorkin spaces ^{Qp) and$'(Qp) are invariant under 
the pseudo-differential operators (14. ip . 

Proof. In view of (12.71) and results of Subsec. 12. 2^ both functions -F[0](^) 
and A{i)F[(t)\{C) belong to ^(Qp, and, consequently, {A(j)){x) G <I>(Qp), i.e., 
A($(Qp) C $(Qp). Thus the pseudo-differential operators fHll) are well 
defined, and the Lizorkin space $(Qp) is invariant under them. In view of 
(14. 2p . the Lizorkin space of distributions $'(Qp) is also invariant under pseudo- 
differential operator A. □ 

4.2. The Taibleson fractional operator in the Lizorkin spaces. In par- 
ticular, setting A{^i) = \^\p, ^ G Q^, we obtain the mult i- dimensional Taibleson 
fractional operator. This operator was introduced in |33], §2], [311 IIL4.] on the 
space of distributions V^Q^) for a G C, a 7^ — n. Next, in [2], the Taibleson 
fractional operator was defined and studied in the Lizorkin space of distribu- 
tions $'(Qp) for all aeC. According to dH]), (g^D, 

(4.3) {Dy-){x) = F-'[\-\;F[f]{.)]{x), /g«i>'(q;). 

Representation (14.30 can be rewritten as a convolution 

(AA) {D'^f){x) = K_^ix)*fix) = {K^^ix)Jix-0), /e$'(Q^), aeC, 

where according to [2], the multidimensional Riesz kernel is given by the for- 
mula 



6{x) a = 0, 
— log \x\p a = n 



logp ^ ' 'P 

the function \x\p, x E Qp is defined by (12.31) . Here the multidimensional 
homogeneous distribution Ixl^""" G T>'{Qp) of degree a — n was defined in 
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(*)], [Ml ni,(4.3)], [351 VIII,(4.2)], T^p'\a) is the n-dimensional T-funcUon 
defined in [331 Theorem 1.], [311 III,Theorem (4.2)], [351 VIII, (4.4)]. 

According to Lemma [4.11 and fl4.ll) . 04.21) . the Lizorkin space $'(Qp) is in- 
variant under the Taibleson fractional operator D° for all a G C [2]. 

4.3. p-Adic wavelets as eigenfunctions of pseudo-differential opera- 
tors. As mentioned above in Sec. (H it is typical that p-adic compactly sup- 
ported wavelets are eigenfunctions of p-adic pseudo-differential operators. For 
example, in [23] S. V. Kozyrev proved that wavelets (11.21) are eigenfunctions 
of the one- dimensional fractional operator (14. 3p . (14. 4p for a > 0: 

(4.5) I)"4;,a(x) = p"(i-^)4;,,(x), X e Qp, 

where k = 1,2, . . .p — 1, j E Z, a E Ip. Since wavelet functions (II. 2p belong 
to the Lizorkin space, the relation (14. 5 p holds for all a G C. 

Now we study the spectral problem for pseudo-differential operators (14.10 in 
connection with the wavelet functions (I3.25P and (13.290 . 

Theorem 4.1. Let A be a pseudo-differential operator (14.10 with a symbol 
A{^) G £^(Qp\{0}). Then the n-dimensional non-Haar wavelet function (I3.25P 

= P'^'^^'Xp{s ■ (fix - a))n{\fix - a\,), x G Q^, 
is an eigenfunction of A if and only if 

(4.6) A{pi{-s + r])) = A{-ps), Vr^GZ;^, 

where j = (ji, ■ ■ ■ ,in) ^ Z"; a G ; s G J^„; and m = (mi, . . . , m„), nij > 1 
is a fixed positive integer, j = 1,2, ... ,n. The corresponding eigenvalue is 
A = ^( — p^s), i.e., 

Ae^l^{x)=Ai~P^s)Q^l-{x). 

Here the multi- dilatation is defined by (I3.24p . and J^.,^ are the n-direct 
products of the corresponding sets (13. ip and (13.20 . 

Proof. Let condition (14.60 be satisfied. Then (14. ip and the above formula (I3.27P 
imply that 

^ei-):(a:) = F-^[^(OF[ei-.);](0](x) 

(4.7) = [A{i)xv{pa ■ On{\s + P^\p)] (x). 
Making the change of variables ^ = p^{ri — s) and using (12.90 . we obtain 

^©S' (^) = P-'^'/' jxp{- 9x -a)-{v- s))A{p^{v - s)) Q{\v\,) d-r^ 
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= ^(-p^s)ei;7,(x). 

Consequently, AQ^^j^{x) = A9^™|j^(x), where A = A{—p^s). 

Conversely, if AQ^J!^j^{x) = A0^™^„^(x), A G C, taking the Fourier transform 
of both left- and right-hand sides of this identity and using (14. ip . fl3.27p . (14. 71) . 

we have 

(4.8) (^(0 - \)Xp{pa ■ ^)n{\s+P^\,) =0, e e Q^. 

Now, if s + p^^C, = 1], 1] E Zp, then ^ = p){—s + rj). Since Xpip'-''^ ■ ^) 7^ 0, 

Vl[\s+p~ii\p) ^ 0, it follows from ^B) that A = A{p>{-s+ri)) for any rj G Z^. 

Thus A = ^(— p's), and, consequently, (14. 6 p holds. 

The proof of the theorem is complete. □ 

Corollary 4.1. Let A he a pseudo-differential operator (14. ip with the symbol 
A{^) G £^(Qp \ {0}). Then the n- dimensional wavelet function (13.261) 

is an eigenfunction of A if and only if 

Aipii-p-'k + f])) =A{-iP'k), Vr^GZ;^, 
where k G Jp, j G Tj^, a G 1'^, I = (1, . . . , 1). The corresponding eigenvalue is 
\ = A{-iP'j), I.e., 



x] 



Representation (13.171) and Theorem 14. II imply the following statement. 

Theorem 4.2. Let A be a pseudo-differential operator (14.11) with the symbol 
A{^) G S{Qp \ {0}). Then the n-dimensional wavelet function (13.291) 

"(a^) = p-l^'l/'^f^^'^kp^'^^i - «i) ■ ■ ■^i""^''^l(p'"a;„ - a„), X G Q^, 

is an eigenfunction of A if and only if condition (14.61) holds, where ^/'i^^''^''^' 
IS defined by p.l7p, p.lSp, j = (ji, . . . , j„) G Z"; |j| = + ■ ■ ■ + j„; a = 
(fli, . . . , a„) G Jp ; s = (si, . . . , s„) G J^„; m = (mi, . . . , m„), > 1 a /ixed 
positive integer, k = 1,2, . . . ,n; u = 1,2, . . . . The corresponding eigenvalue is 
A = A{—ph), i.e., 

4.4. p-Adic wavelets as eigenfunctions of the Taibleson fractional op- 
erator. As mentioned above, the Taibleson fractional operator has the 
symbol A{^) = \C,\p. The symbol ^(0 = l^lp satisfies the condition (14.61) : 

^(p(-s + r/)) = |p(-s + r/)|° = (max {p^^"-] - 
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for all ?7 G Zp. Consequently, according to Theorem 14. ![ we have 

Corollary 4.2. The n- dimensional non-Haar p-adic wavelet (13.251) is an eigen- 
function of the Taibleson fractional operator (I4.4p ; 

D^Q^I^l^ (x) = >ie;"i^ (x), a e C, X e q;, 

s G J,V' J e Z", a G 

In particular, in view of Corollary 14.11 we have 

Corollary 4.3. The n-dimensional p-adic wavelet (13.261) is an eigenfunction 
of the Taibleson fractional operator (14.41) .■ 

k G j;, J G z", a G i;. 

Corollary 4.4. The n-dimensional p-adic wavelet (13.291) is an eigenfunction 
of the Taibleson fractional operator (14.41) : 

^a^MHx = p™i<'-<"{'"'->>^(™.f 1^ (x), a G C, X G Q;, 

sej;.^^,jez^,aei;, z/ = l,2,.... 

5. Application of p-adic wavelets to evolutionary 
pseudo-differential equations 

5.1. Linear equations, (a) Let us consider the Cauchy problem for the linear 
evolutionary pseudo- differential equation 

+ AMx,t) = 0, in X (0, oo), 

u{x,t) = M°(x), in Q^x{t = 0}, 

where t G M, m° G $'(Qp) and 

(5.2) AMx,t) = F-'[A{OF[ui;tm)]{x) 

is a pseudo-differential operator (14. ip (with respect to x) with symbols ^(0 ^ 
£{Qp \ {0}), u{x,t) is the desired distribution such that u{x,t) G $'(Qp) for 
any t > 0. 

In particular, we will consider the Cauchy problem 

+ D^u{x,t) = 0, in x (0, oo), 

u{x,t) = u°(x), in Q^x{t = 0}, 

where D^u{x,t) = F~^[\^\p F[u{-,t)]{^)'j{x) is the Taibleson fractional opera- 
tor (14.31) with respect to x, a G C. 

Theorem 5.1. The Cauchy problem (15. ip has a unique solution 
(5.4) m(x, t) = F-^ [F[u\-)]{Oe~^^^^'] (x). 
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Proof. Since u{x,t) is a distribution such that u{x,t) G ^"^J t > 0, 

the relation fl5.1l) is well-defined. Applying the Fourier transform to flS.ip . we 
obtain the following equation 

Solving this equation, we obtain 

F[u{x,t)m = F[u{x,Om)e-^^^^'. 
This implies (^^. □ 



Theorem 5.2. Let a pseudo-differential operator in (15.11) he such that its 
symbol A{^) satisfies the condition (14. 6 p ." 



A{pJ{-s + r])) =A{~p^s), Vr^GZ;, 
for any j G Z", s G J^m- 2^^en t/ie Cauchy problem (15. ip /ias a unique solution 

(5.5) ..(x,t)= 5^ («°(^),eS^>e--^(--)*ei-.);(x), 

/or t > 0, where Q^J!^ja{x) ^'"c n - dimensional p-adic wavelets (13.251) . 

Proof. According to the formula (I3.32p from Proposition 13.11 we will seek a 
solution of the Cauchy problem (15. ip in the form of an infinite sum 

(5.6) u{x,t)= J2 A.^,,,(t)0i-t(x), 

where As-j, a(t) are the desired functions, s G J^.^, j E Z"' , a G Ip . 

Substituting (15.60 into equation (15.10 . in view of of Theorem 14. H we obtain 

The last equation is understood in the weak sense, i.e., 

(5.7) {{^^^^^ + A-P^s)A,^^^^^^ 



for all (j) G $(Qp). Since according to Lemma 13711 any test function (p G $(Qp) 
is represented in the form of a finite sum ( ]3.30p . the equality ( 15.70 implies that 

^!^^£^ + Ai-fis)As.,at) = 0, V. G J,^^, J G Z", a G 
for alH > 0. Solving this differential equation, we obtain 
(5.8) A,;,, ,(t) = A,;,-„(0)e-'^(-^'^'^)*, s G Jp%, j G Z", a G 
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By substituting (15 .81) into fl5.6p we find a solution of the Cauchy problem 
flS.ip in the form 

(5.9) uix,t)= Yl A.^.,a(0)e'^(-^''^)*ei-):(a:). 

sejp.^,jez",aei^ 

Setting t = 0, we find 

u'{x)= Yl A,;,,,(o)ei;^t(x), 

where m° G $'(Qp) and according to (13.321) . the coefficients Ag-j^ai^) are 
uniquely determined by (13.331) as 

(5.10) A,;,,,(0) = («°(x),ei;^t>, .GJ,%, jeZ", aei;. 

The relations (15. 9p . (I5.10p imply (15. 5p . In view of (13.340 . the sum (15. 5p is finite 
on any test function from the Lizorkin space $(Qp). 

The theorem is thus proved. □ 

Theorem 15.21 and Corollary 14.21 imply the following assertion. 

Corollary 5.1. The Cauchy problem (15. 3p has a unique solution 

(5.11) E ("°(-).ei:t>e-'""""«""' -"'e^:(.). 

fort > 0, where Q^^j^{x) are n - dimensional p-adic wavelets (13.250 . 

Solutions of the Cauchy problems (15.10 and (15.30 describe the diffusion pro- 
cesses in the space Q^. 

If A{—pis) > 0, according to (15. 5p . u{x,t) — > 0, as t — oo. In particular, 
this fact holds for the solution of the Cauchy problem (15. 3p . 

Example 5.1. Consider the one-dimensional Cauchy problem (15. 3p for the 
initial data 

Substituting 03. 4p . (13. lip . (13.120 into (15.110 . we obtain a solution of this 
Cauchy problem: 

oo 

U{X,t) = Y ''*^p(■^^^^)^(l^^lp)• 
(b) Now we consider the Cauchy problem 

t^-AMx,t) = 0, in Qp"x(0, oo), 



(5.12) 



u{x,t) = M°(x), in Q"x{t = 0}, 
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where G $'(Qp) and a pseudo-differential operator operator is given by 
fl5.2p . In particular, we have the Cauchy problem 

(5 13) it^-Dyix,t) = 0, in Q^x(0, oo), 

\ u{x,t) = u%x), in Q^x{t = 0}, 

where Z)" is the Taibleson fractional operator (14.31) with respect to x, a G C. 

Using the above results, one can construct a solution of the Cauchy problems 
(15J2D and flCTj) . 

Theorem 5.3. Let a pseudo-differential operator in (15.121) he such that its 
symbol A{^) satisfies the condition (14. 6 p ." 

A{pJ{-s + r]))=A{-fis), Vr^GZ^, 

for any j G Z", s G Jp-^- Then the Cauchy problem (15.121) has a unique 
solution 

(5.14) u{x,t)= (^°(^).0S?>e-^''^"^"^'0S^(^), 

fort > 0, where Q^J!^j^{x) are n - dimensional p-adic wavelets (13.251) . 
Corollary 5.2. The Cauchy problem (15.130 has a unique solution 

(5.15) E K(-).ei:t>e-"'°"'""""' ""'ei:t(-), 

/or t > 0, where Q^s^jai^) o,re n- dimensional p-adic wavelets (13.251) . 

5.2. Semi-linear equations. Consider the Cauchy problem for the semi- 
linear pseudo-differential equation: 

^^ + A,u(x,t) + u(x,t)|M(x,t)|2- = 0, in Q^x(0, oo), 

m(x, t) = M°(x), in Q'^x {t = 0}, 

where pseudo-differential operator Ar,. is given by (15.20 . m G N, u{x,t) is the 
desired distribution such that u{x,t) G $'(Qp) for any t > 0. 

According to Proposition 13.11 a distribution u{x,t) can be realized as an 
infinite sum of the form 

(5.17) u{x,t)= 

where As. j a{t) are the desired functions, Q^J^ja {^) ^'^'e elements of the wavelet 
basis (13.250 . We will solve the Cauchy problem in a particular class of distri- 
butions u{x,t) such that in representation (15.170 

(5.18) J^a-a'^Z;, if jk < ji k = l,...,n. 

In view of (13.60 . in this case all sets {x G : \pix — a\p < 1}, {x G Qp : 
Ip^'x — a'\p < 1} are disjoint. 



(5.16) 
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Theorem 5.4. Let a pseudo-differential operator in (15.161) be such that its 
symbol A{^) satisfies the condition (14. 6p ; 



pi 



for any j G Z", s G Jp-^- Then in the above-mentioned class of distributions 
(15.171) . (15.181) the Cauchy problem (I5.16P has a unique solution 

u{x, t) 

(5.19) 



fort > 0, where Q^^ja i^) are n- dimensional p-adic wavelets (I3.25p . Moreover, 
this formula is applicable for the case ^ = 0. 

Proof. Since \Xp{v~^k ' ip'^ ~ '^))l = 1; taking into account formulas (15.170 . 
(EUl), (13:251) . we obtain 

|M(x,t)p = <^.^(t)p-l^lfi(|pa;-a|p) 

and 

(5.20) u{x,t)\u{x,t)\'- = A^-+^(t)p-l^lei5;(x), 

where the indexes in the above sums satisfy the condition (15.180 . 

Substituting (I5.20p and (15.170 into (I5.16p . in view of of Theorem 14. 11 we find 
that 

(5.21) +P-"I%S'W)0S'(^) = O' 

where the last equation is understood in the weak sense. Since, according to 
Lemma [3. H any test function G $(Qp) is represented in the form of a finite 
sum (I3.30p . the equality (15.210 implies that 

^^^ + ^(-p.)A,,,(t) 

(5.22) +p-l%^-+i(t)=o, VsG j;;^,jGZ",aG/;, 
for all t > 0. Integrating (I5.22p . we obtain 



3,0-^ ' _ p -2mA{-pU)t 



^(-P^S) +J9-™ljU2™^(t) 
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I.e., 



(5.23) A,at) - '''''^ 



(1 - E,;j,ap-™l^le-2'»^(-P^'^)*)^^^'"' 

where Eg-j^a is a constant, s G J^^, j G Z", a G J^. Substituting (15.231) into 
(15.171) . we find a solution of the problem (15.161) 

a; e Qp, i > 0. Setting in flHT^ t = 0, we obtain that 



5.24) u(x,t)= 2^ ——-^7^—7ij2^%a{x), 



1 - Es-j^aV 



l/2m 



where m° G $'(Qp). Hence, according to (13.321) . the coefficients Eg.^^a are 
uniquely determined by (13.331) as 

E,,^^,A{-p>s) V^'™ ^ (nO(x),ei;;;^ >. 



,1 

The last equation implies that 



Substituting i?s;j,a into (I5.24p . we obtain (I5.19p . In view of (I3.34p . the sum 
(15.191) is finite on any test function from the Lizorkin space $(Qp). 

Now by passing to the limit as .4 — >■ in formula ( I5.19p . one can easily see 
that this formula (I5.19P is applicable for the case .4 = 0. 

The theorem is thus proved. □ 

Acknowledgments 
The authors are greatly indebted to M. A. Skopina for fruitful discussions. 



References 

[1] S. Albeverio, S. Evdokimov, M. Skopina, p-Adic multiresolution analysis and wavelet 
frames, (2008), Preprint at the url: http://arxiv.org/abs/0802.10Y9vl 

[2] S. Albeverio, A. Yu. Khrennikov, V. M. Shelkovich, Harmonic analysis in the p-adic 
Lizorkin spaces: fractional operators, pseudo-differential equations, p-adic wavelets, 
Tauberian theorems. Journal of Fourier Analysis and Applications, Vol. 12, Issue 4, 
(2006), 393-425. 

[3] S. Albeverio, A. Yu. Khrennikov, V. M. Shelkovich, Pseudo-differential operators in the 
p-adic Lizorkin space, p-Adic Mathematical Physics. 2-nd International Conference, 
Belgrade, Serbia and Montenegro, 15 - 21 September 2005, Eds: Branko Dragovich, 
Zoran Rakic, Melville, New York, 2006, AIP Conference Proceedings - March 29, 2006, 
Vol. 826, Issue 1, pp. 195-205. 



NON-HAAR p-ADIC WAVELETS AND THEIR APPLICATION 



29 



[4] S. Albeverio, A. Yu. Khrennikov, V. M. Shelkovich, p-Adic semi-linear evolutionary 
pseudo-difFerential equations in the Lizorkin space, Dokl. Ross. Akad. Nauk, 415, no. 3, 
(2007), 295-299. English transl. in Russian Doklady Mathematics, 76, no. 1, (2007), 
539-543. 

[5] S. Albeverio, S. V. Kozyrev, Multidimensional ultrametric pseudodifferential equations, 

(2007), http ://arxiv. org/abs/0708.2074vl 
[6] I. Ya. Arefeva, B. G. Dragovic, and I. V. Volovich On the adelic string amplitudes, 

Phys. Lett. B 209 no. 4 (1998), 445-450. 
[7] V. A. Avetisov, A.H. Bikulov, S. V. Kozyrev, and V. A. Osipov, p-Adic models of 
ultrametric diffusion constrained by hierarchical energy landscapes, J. Phys. A: Math. 
Gen. 12 (2002), 177-189. 
[8] J. J. Benedetto, and R. L. Benedetto, A wavelet theory for local fields and related 

groups. The Journal of Geometric Analysis 3 (2004), 423-456. 
[9] R. L. Benedetto, Examples of wavelets for local fields. Wavelets, Frames, and operator 
Theory, (College Park, MD, 2003), Am. Math. Soc, Providence, RI, (2004), 27-47. 
[10] L M. Gel'fand, M. I. Graev and L L Piatetskii-Shapiro, Generalized functions, vol 6: 

Representation theory and automorphic functions. Nauka, Moscow, 1966. 
[11] A. Khrennikov, p-Adic valued distributions in mathematical physics. Kluwer Academic 

Publ., Dordrecht, 1994. 
[12] A. Khrennikov, Non-archimedean analysis: quantum paradoxes, dynamical systems and 

biological models. Kluwer Academic Publ., Dordrecht, 1997. 
[13] A. Khrennikov, Information dynamics in cognitive, psychological, social and anomalous 

phenomena. Kluwer Academic Publ., Dordrecht, 2004. 
[14] A. Yu. Khrennikov, and S. V. Kozyrev, Wavelets on ultrametric spaces. Applied and 

Computational Harmonic Analysis 19 (2005), 61-76. 
[15] A. Yu. Khrennikov, and S. V. Kozyrev, Pseudodifferential operators on ultrametric 
spaces and ultrametric wavelets, Izvestia Akademii Nauk, Seria Math. 69 no. 5 (2005), 
133-148. 

[16] A. Yu. Khrennikov, and S. V. Kozyrev, Localization in space for free particle in ultra- 
metric quantum mechanics, Dokl. Ross. Akad. Nauk 411 no. 3 (2006) 316-322. English 
transl. in Russian Doklady Mathematics. 74 no. 3 (2006), 906-911. 

[17] A. Yu. Khrennikov, V. M. Shelkovich, p-Adic multidimensional wavelets and their 
appHcation to p-adic pseudo-differential operators, (2006), Preprint at the url: 
http:// arxiv.org/a bs/math-ph/0612049 l 

[18] A. Yu. Khrennikov, V. M. Shelkovich, Non-Haar p-adic wavelets and pseudo-differential 
operators, Dokl. Ross. Akad. Nauk, 418, no. 2, 167-170. English transl. in Russian 
Doklady Mathematics. Dokl. Ross. Akad. Nauk, 418, no. 2, (2008), 167-170. EngUsh 
transl. in Russian Doklady Mathematics, 77, no. 1, (2008), 42-45. 

[19] A. Yu. Khrennikov, V. M. Shelkovich, M. Skopina, p-Adic rcfinable functions and MRA- 
based wavelets, (2007), to appear in Journal of Approximation Theory, (2008). See also 
as Preprint at the url: http://arxiv.org/abs/0711.2820 

[20] A. Yu. Khrennikov, V. M. Shelkovich, and O.G. Smolyanov, Multiplicative structures 
in the linear space of vector- valued distributions, Dokl. Ross. Akad. Nauk, 383, no. 1, 
(2002), 28-31; English transl. in Russian Doklady Mathematics., 65, no. 2, (2002), 
169-172. 

[21] A. Yu. Khrennikov, V. M. Shelkovich, and O. G. Smolyanov, Locally convex spaces of 
vector-valued distributions with multiplicative structures, Infinite-Dimensional Analy- 
sis, Quantum Probability and Related Topics, 5, no. 4, (2002), 1-20. 

[22] A. N. Kochubei, Pseudo-differential equations and stochastics over non-archimedean 
fields, Marcel Dekker. Inc. New York, Basel, 2001. 



30 



A. YU. KHRENNIKOV AND V. M. SHELKOVICH 



A. N. Kochubei, Fundamental solutions of pseudo-differential equations associated with 
p-adic quadratic forms, Russ. Acad. Sci. Izv. Math. 62, (1998), 1169-1188. 
S. V. Kozyrev, Wavelet analysis as a p-adic spectral analysis, Izvestia Akademii Nauk, 
Seria Math. 66 no. 2 (2002) 149-158. 

S. V. Kozyrev, p-Adic pseudodifferential operators and p-adic wavelets, Theor. Math. 
Physics 138, no. 3 (2004), 1-42. 

S. V. Kozyrev, V. Al. Osipov, V.C. A.Avetisov, Nondegenerate ultrametric diffusion, 
J. Math. Phys. 46 no. 6 (2005), 63302-63317. 

P. I. Lizorkin, Generalized Liouville differentiation and the functional spaces Lp^(En). 
Imbedding theorems, (Russian) Mat. Sb. (N.S.) 60(102) (1963), 325-353. 
P. I. Lizorkin, Operators connected with fractional differentiation, and classes of differ- 
entiable functions, (Russian) Studies in the theory of differentiable functions of several 
variables and its applications, IV. Trudy Mat. Inst. Steklov. Vol. 117 (1972), 212-243. 
S. Mallat, Multiresolution representation and wavelets. Ph. D. Thesis, University of 
Pennsylvania, Philadelphia, PA, (1988). 

Y. Meyer, Ondelettes et fonctions splines, Seminaire EDP. Paris, (Decembre 1986). 

H. Schaefer, Topological vector spaces. New York-London, 1966. 

V. M. Shelkovich, M. Skopina f>-Adic Haar multiresolution analysis and pseudo- 
differential operators, to appear in Journal of Fourier Analysis and Applications, (2008). 
See as the Preprint (2007), http://arxiv.org/abs/0705.2294 

M. H. Taibleson, Harmonic analysis on n-dimensional vector spaces over local fields. I. 
Basic results on fractional integration, Math. Annalen 176 (1968), 191-207. 
M. H. Taibleson, Fourier analysis on local fields. Princeton University Press, Princeton, 
1975. 

V. S. Vladimirov, I. V. Volovich and E. I. Zelenov, p-Adic analysis and mathematical 
physics. World Scientific, Singapore, 1994. 

V. S. Vladimirov, I. V. Volovich, p-Adic quantum mechanics, Commun. Math. Phys. 
123 (1989), 659-676. 

I. V. Volovich, p-Adic string. Class. Quant. Grav. 4 (1987), L83-L87. 
W. A. Zuniga-Galindo, Pseudo-differential equations connected with p-adic forms and 
local zeta functions, Bull. Austral. Math. Soc. 70 no. 1 (2004), 73-86. 

[39] W. A. Zuniga-Galindo, Fundamental solutions of pseudo-differential operators over p- 
adic fields. Rend. Sem. Mat. Univ. Padova 109 (2003), 241-245. 

International Center for Mathematical Modelling in Physics and Cogni- 
tive Sciences MSI, Vaxjo University, SE-351 95, Vaxjo, Sweden. Phone: 
-1-46 (470) 708790 Fax: -f 46 (470) 84004 

E-mail address: andrei.khrennikov@msi.vxu.se 

Department of Mathematics, St. -Petersburg State Architecture and Civil 
Engineering University, 2 Krasnoarmeiskaya 4, 190005, St. Petersburg, Rus- 
sia. Phone: -f 7 (812) 2517549 Fax: -|-7 (812) 3165872 

E-mail address: shelkv@vsl567.spb.edu 



